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Cor( Differentiation of all measures). For
any

loc
.
finite Borel measure M on IRA

for a . e .
xIRd

,

for
my family &Brlboso chrinking nicely to x

,
we have :

ein M =Mr-> p

where M =M M is the Lebesque decomposition wit X
,
i
. e . M, X and M+X.

Lebesque density
.

lbesque differentiationtheorem for the indicator function of a measurable at MaR&

gives :

lbesgue density theorem. &MI) :=mArIm=m X(MMBr(x = I(x) faextR
x(Br(x))

In fact
,
the hBrliso can be replaced with

any family that shrinks wills to x

We call don the lebesque density function (which is defined only on a conall out

becausenArIm may
not exist) and we call the set



Dm : = 4 x 1R9 : dm = 13
the Lebesque density set of M

. The theorem above implies Dm =
x
M
,
i
.
e
. Dm A M

is X-mull
.
This Dm is a canonical element of the =x-equivalence class ofM.

Indeed
,
if Mo =

y
M

,
then NMo = DM

,
Thus
,
the

map Mr Dm is a

selector for the equivalence relation = on the set Meas of all -measa-

rable uts. We also get :

Strong 99 % lemma. For every measurable set McIR
& of positive Lobesque measure,

for a . e . xtM (in fact all xDm)
,

for every small enough >0 ,

x (M1Br(x))
= 0

.

99.
X(Br(x))

Examples .
(a) If U =Ra is open , then Du = U.

(6) If BERP is a box
,
then Wi = interior (B).

() Dina Qu = Nird = 1Ra

(9) If MERRY is X-null
,

then Dm = Dy = 0.

(e) M +> Dm is an idempotent , i . e. Dom = DM for all McMensx

ubesque density topology on IR! Call a -measurable set McIRY Ubesque



open if MEDM. NoteWhat for each M and a wall set z
,
the set DmLZ

is lebesque open ,
so there are 2- many lebesque open sets. It turns out

that the lebese open sets form a topology on IRd
,
called the labesque

density hopology. This in particular implies that arbitrary unions of lebesque

open sets are again lebesque open,
here -measurable !!! This topology

is not metrizable and not 2nd atbl or separable , but it is strong Choquet,
in particular the Baire category torem holds

.

Also
,
the Lebesque meagre

sets are exactly the lebesque wall sets.

Borel measures on IR and the Fundamental Theorem of Calculus (Newton-Leibnitz).

We saw in HW that if a locally finite Bonel measure m on IB had a continuously
differentiable distribution F : IR-IR li

.
e
. a function + such that M((a, 83) = f(b)-F(a)

then MCCX and =fla.e .

Turns out this is true more generally and
characterizes those l which are absolutely continuous wit X.

Theorem /Characterization of absolutely continuous measures via their distributions).

ItM be a loc finite Bonel measure on 1 and letf be a distribution efM,

i
.

e
. M((a , b]) = f(b) - f(a) - add (recall that this is equivalent to f being

increasing and right continuous) . Then fl exists a.e
.

andfe Lio
,
SR

,
X).



In factf' = &M ae
.

where M =MM is the lbesgue decomposition ofM witha

Thus :

(i) MX <) the Fundamental Theorem of Calculus (FTC) holds for f.
f(b) - f(a) = C dx

for all a = b.

(ii) M1X <t + = 0 a . e.

Proof. For each XIR
,
f'(x) : = him fixer) - f(x)

,
where r can be positive or negative.

r-> p

To show that his limit exists and is Equal to &M/dx
,

it is enough to prove
him f(x +H)-f(x) =AM( and lim(x)-fxr-dr->pt r -> 0

+
r

for
a .e . xe(R .

But f(x+ r) - f(x) = M((x, x+r]) and f(x) - f(x-r) = M((x - -, x]),
and the families &1x

,
X+3 ro and 3-r, x3hra0 both shrink nicely

to x
,
and r = X ((x

, x+
r]) = X((x-r

,
x])

,
so by the theorem about differen-

tiation of arbitrary loc
.

fin. Bowel measures
,

weyet that for a . e . xEIR9,
him fixer)-f(x)

=linM=d(x=M=lif!. .r-> g + M

b

For (i)
, Max <M = M S= M(la , b3) = If for all a b

=Lf(b)-f(u) = (fdd for all ask ,
where s holds by the uniqueness of Caratherdory extension since the set



la
,
63 generate the Bonel sigma-algebra so if M is equal to the measure

↓ on these sets
,
then M = X+.

For (ii)
, M + x < M = 0 C &M = O are

.
=F = O we


